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Lipatov Pomeron and the Heisenberg chain 
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It is pointed out that the recently discovered analogy between the QCD description of the Pomeron exchange 
and the Heisenberg chain may allow applying lattice techniques to the high energy phenomena. 
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1. HIGH ENERGY SCATTERING IN 
THE REGGE LIMIT 

Customary lattice methods are considered suit- 
able for the description of the static, or low 
energy, nonperturbative properties of hadrons. 
Even though some progress has been made in 
studying the scattering length, form factors and 
the deep inelastic structure functions, the finite 
ultraviolet cut-off a^^ ^ 2GeV limits the appli- 
cation of classical lattice techniques mainly to the 
static phenomena. However, there exists an in- 
triguing mapping, between the description of a 
high energy scattering and the one dimensional 
Heisenberg chain, which offers a possibility to use 
the methods of statistical physics to study the 
genuine high energy scattering. 

The typical high energy scattering is described 
by the Regge amplitude 



A{s,t) 



j(t) 



s » -t, 



(1) 



where s and t are the Mandelstam variables and 
a(t) describes the Regge trajectory exchanged in 
the t channel. Phenomenologically Regge trajec- 
tories are linear 

a{t) =ao + a't, (2) 

with the intercept, ao, and the slope, a', depend- 
ing on the quantum numbers exchanged in the t 
channel. The total cross section 



ctot = -ImAei{s, 0), 
s 



(3) 
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is given in terms of the elastic scattering in the 
forward direction. The latter is described by the 
exchange of the Pomeranchuk trajectory with the 
vacuum quantum numbers. Unitarity restricts 
the growth of the cross sections. The Froissart 
bound 



atot < const, log^ (s). 



(4) 



limits the intercept ao < 1. Regge behaviour oc- 
curs also in the deep inelastic scattering at small 

X 



F{x, Q^) = -lTnA^*p{s, t = 0) 



(5) 
(6) 



Again unitarity limits the growth of the structure 
functions at small x 



F{x,Q^) < const Aog^ (x). 



(7) 



Emergence of the Regge behaviour is qualitatively 
well understood as the result of the exchange of 
the ladder diagrams The quantitative deriva- 
tion of the Pomeron exchange in QCD was pio- 
neered by Lipatov and is presently actively inves- 
tigated 



2. POMERON IN QCD 

Working in the leading logarithmic approxima- 
tion, as ^ 1, Qis log (s/M^) ^ 1, Lipatov and 
others Q have identified and summed the rel- 
evant class of the QCD ladder diagrams in the 
Regge limit. In addition to the simple ladder di- 
agrams, other diagrams also contribute and the 
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whole class is commonly referred to as the ex- 
change of two reggezied gluons. The result 1^ 
reads 



l + ABFKL{t) 

ABFKL(0) = ^^log(2) 



Alla ~ s' 

4a, A^, 



(8) 
(9) 



Therefore QCD reveals the Regge behaviour of 
the elastic amplitude and the intercept of the 
Pomeranchuk trajectory is known. However the 
amplitude (||) violates unitarity, hence a lot of 
subsequent work has been devoted to find unitar- 
ity corrections to Eq.(^. In particular the scheme 
termed generalized leading logarithmic approxi- 
mation (GLLA) was proposed which iden- 
tifies the non-leading contributions which should 
restore unitarity. In the GLLA the McUin trans- 
form A{uj,t) of the scattering amplitude 



A{s,t) 



IS 



(5+ioc 7 , , , , 

I I A{LJ,t), 
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2m KNP) 



(10) 



is given as a sum of contributions An from the 
exchange of n reggeons (reggeized gluons) in the 
t channel. For fixed n they are given by the evo- 
lution operator r„(a;) 

i„(tj, t)^ j d?ki . . . (fknSk[ . . . dPk'^ 

$^({fc};(Z)r„({fc},{fc'});c.)$B({fc'};<z). 



Where <i> 



A{B) 



are the wave functions of the 



hadron A{B) in the reggeon basis. The evolu- 
tion operator conserves the number of reggeons 
and satisfies the following Lippmann-Schwinger 
equation 

ojTniuj) = rO(c^) + UMoj), (11) 

which can be solved symbolically as 
1 



(12) 



Comparing Eqs.(|l2[) and (|10| ) we see that the 
largest eigenvalue of the Hamiltonian of n- 
reggeons determines the high energy behaviour 
of the scattering amplitude. Moreover in the 
large Nc limit only planar diagrams give lead- 
ing contribution, and consequently 7Y„ describes 



the system of n degrees of freedom which pos- 
sesses only the nearest neighbour interactions. At 
that point the analogy with statistical systems 
emerges. It becomes even more appealing after 
transforming to the impact parameter representa- 
tion, ki bi, and after replacing transverse vari- 
ables by the complex coordinates, bi = {xi, yi)—> 
Zi — Xi + iyij'Zi = Xi — iyi. It was shown 
that the resulting Hamiltonian describes the lin- 
ear chain of the quantum spins with the nearest- 
neighbours interactions in a complete analogy to 
the Heisenberg chain of ordinary spins. There 
are two complications, however, which make this 
problem nontrivial and challenging. First, the 
spin operators in question are infinitely dimen- 
sional. In fact they generate the s = unitary 
representation of the SL{2, C) group. Second, the 
nearest neighbours interaction is nonlocal in the 
space. In spite of this comphcations, Fad- 
deev and Korchemsky using the generalized 
Bethe ansatz have confirmed Lipatov's hypothe- 
sis 1^ , that the n-reggeon problem is holomorphi- 
cally separable and in principle, exactly solvable. 
The n = 2 hamiltonian was diagonalized explic- 
itly and BFKL slope, Eq.(||) was reproduced. 

3. THE ODERON CASE 

The n = 3 case, which corresponds to phe- 
nomenologically important oderon problem, is 
solved only partially. Analytical results are avail- 
able for integer values {h = n) of the Casimir op- 
erator of two spins, q2 = {si + Sj^ — —h{h — 1). 
Also the asymptotic expansion of the maximal 
eigenvalue of W3 in 1/h was derived. All these 
results are based on the Bethe ansatz approach. 
We have studied the solution (53(2;) of the corre- 
sponding Yang-Baxter equation by analogy to the 
standard theory of Fuchsian equations of the sec- 
ond order. Even though the Yang-Baxter equa- 
tion for Qi{z) is of the third order, the elements of 
the general theory apply. In particular, we have 
found that the case considered corresponds to the 
degenerate situation with the characteristic expo- 
nent r ~ Q. Hence, the equation has one regular 
and two irregular solutions around z — Q. This is 
independent of the eigenvalues of the two Casimir 
operators 92 and (73 which parametrize the prob- 
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lem. The coefficients /„ of tlie power expansion 



(13) 



are determined by the following recursion relation 



(n((2n + + 1) + ga) + iqs) fn 
-{n - l){n{n + 1) + q2)fn-i. 



(14) 



This recursion is equivalent to the recursion de- 
rived in Ref.[^ where the expansion in terms of 
the Legendre polynomials was studied. In partic- 
ular, for integer h Q3,{z) is a finite polynomial in 
z only for the discrete values of ga . The quantiza- 
tion condition of (73 which follows from Eq. (Q) is 
the same as one derived in Ref. The straightfor- 
ward power expansion ( [T^ ) may, however, prove 
more suitable for the study of the analytic struc- 
ture of the solution and in consequence may allow 
the analytic continuation for arbitrary h. 

4. LATTICE FORMULATION 

In closing we would like to comment on the fea- 
sibility of applying lattice Monte Carlo methods 
to solve this problem numerically. 

Contrary to the standard applications, phys- 
ically interesting questions arise already for the 
finite number of exchanged reggeons, i.e. for fi- 
nite length of the Heisenberg chain, say n = 3. 
However the volume of the transverse parame- 
ter space is infinite, hence the normal difficulties 
associated with this infinite volume limit would 
arise. In fact the hamiltonian Tin has the global 
conformal invariance, therefore the critical slow- 
ing down is expected to occur. So, the challenge 
is how to simulate effectively a conformal theory 
on the lattice? 

The nearest neighbours interaction is nonlo- 
cal which also complicates practical applications. 
Since, however, the system is critical, one is 
bound to employ the nonlocal (cluster) algo- 
rithms. Therefore the nonlocality of TLn may not 
be the main problem. 

The choice of the representation may help in 
designing a practical approach. The " z" represen- 
tation is the one possibility. However one may try 
to employ the SL(2, C) symmetry to simplify the 



problem. Note that one of the analytical solutions 
of the Pomeron n = 2 case uses solely the group 
theoretical information on the spectrum of the 
unitary representations of the SL{2, C) group. 

Finally, even though the problem is certainly 
far from trivial, we should be aware that the 
n = 2 case was solved analytically, hence the 
spectrum of the excitations of elementary inter- 
action is known. Combining this knowledge with 
the recent progress in simulating critical systems 
may lead to a realistic proposal for the numerical 
approach. 
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